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Abstract
Let (M,g) be a 4-dimensional compact Riemannian manifold and let a,f be positive smooth functions on M . In this note, we
prove that the problem gu + a(x)u = f (x)u3 always admits a positive solution, up to a conformal deformation of g. This leads
to a geometric obstruction result for the prescribed scalar curvature problem.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and results
Prescribed scalar curvature type problems on a compact Riemannian manifold have been extensively studied in
the literature and interesting results have been obtained by showing the influence of the geometry on such problems.
An important example is the prescribed scalar curvature problem which consists in finding a conformal deformation
of a given metric on which the new scalar curvature is equal to a known function. This is a delicate problem in the
special case of manifolds conformal to the round sphere since the set of conformal mappings on these manifolds is
non-compact. On the other hand, important results have been obtained in the non-conformal case. We refer to [2,6]
and [10] for an overview about this subject.
In this note, we are interested in studying prescribed scalar curvature type problems on 4-dimensional compact
manifolds. These problems are in particular motivated for the search of geometric obstructions for the prescribed
scalar curvature problem.
Let (M,g) be a compact Riemannian manifold of dimension n 4. Given a function f ∈ C∞(M), the prescribed
scalar curvature problem may be reformulated in terms of PDE as
gu + n − 24(n − 1)Sgu = f (x)u
n+2
n−2 , (1)
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ric g. If u ∈ C∞(M) is a positive solution of (1), then the scalar curvature Sh on the conformal metric h = u 4n−2 g
is 4(n−1)
n−2 f (x). Due to this fact, the function f is called curvature function. More generally, consider the following
equation
gu + a(x)u = f (x)un+2n−2 , (2)
where a ∈ C∞(M). The existence of a positive solution of (2) clearly relies on the functions a and f . In fact, if
either a  0 and f  0 or a  0 and f  0, and both are non-zero, then, by direct integration, one concludes that (2)
possesses no positive solution. In [4], Druet proved that (2) always admits a positive solution when a < 0 and f < 0.
The case a ≡ 0 was treated by Escobar and Schoen in [5]. They proved that (2) has a positive solution if, and only if,
the function f is positive somewhere and
∫
M
f dvg < 0. On the other hand, the existence question becomes indefinite
when a > 0 and f > 0. In fact, consider the n-dimensional unit sphere Sn endowed with the canonical metric h0.
Then, (1) yields
gu + n(n − 2)4 u = f (x)u
n+2
n−2 (3)
since Sh0 = n(n− 1). In [7], Kazdan and Warner found a geometric obstruction for the problem above. Precisely, if u
is a positive solution of (3), then necessarily
∫
Sn
u
2n
n−2 〈∇h0f,∇h0ψ〉dvh0 = 0
for all eigenfunction ψ associated to the first eigenvalue of Laplace–Beltrami of (Sn,h0). In particular, if we choose
f = ψ1 + c, where ψ1 is a such eigenfunction and c is a constant, then clearly (3) admits no positive solution. Note
also that when f is constant and equal to n(n−2)ω
2/n
n
4 , where ωn denotes the volume of S
n on the metric h0, arguing
with the solution of Yamabe problem, due to Aubin [1] and Schoen [9], and using a duality result due to Djadli and
Druet [3], one easily finds a positive function a ∈ C∞(M) such that the problem
hu + a(x)u = f (x)un+2n−2 (Ph)
admits a positive solution for some metric h ∈ [g], where [g] denotes the conformal class of g.
According to these results, we have the following question:
Given positive functions a,f ∈ C∞(M), is there always a metric h ∈ [g] such that the problem (Ph) admits a pos-
itive solution?
Our main result provides a positive answer to this question in dimension 4.
Theorem 1.1. Let (M,g) be a 4-dimensional compact Riemannian manifold and let a,f be non-negative smooth
functions. If a and f are both non-zero, then the problem (Ph) admits a positive solution for some metric h ∈ [g].
As a consequence of this result, we have the following obstruction result:
Corollary 1.1. Let (M,g) be a 4-dimensional compact Riemannian manifold and let f be a non-zero non-negative
smooth function. Let a = 16Sg . Suppose that (Ph) admits a positive solution for some metric h isometric to g. Then
there exists no metric g0 ∈ [g] such that Sg0  0 on M .
Our proofs are short and simple and base on variational techniques and estimates of growth of bubbles around
a maximum point of f (x).
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Proof of Theorem 1.1. Let x0 ∈ M be such that f (x0) = maxM f (x). We claim that there exists a metric h ∈ [g] such
that a(x0) − 16Sh(x0) < 0. In order to show this fact, we first recall the definition of the Yamabe invariant. Consider
the functional Ig(u) on H 21 (M) \ {0} given by
Ig(u) =
∫
M
|∇gu|2 dvg +
∫
M
1
6Sgu
2 dvg
(
∫
M
u4 dvg)
1
2
,
where H 21 (M) stands for the first-order Sobolev space defined as the completion of C
∞(M) under the norm
‖u‖H 21 (M) =
( ∫
M
|∇gu|2 dvg +
∫
M
u2 dvg
)1/2
.
Clearly, Ig(u) is well-defined since the Sobolev embedding theorem ensures that the inclusion H 21 (M) ⊂ L4(M) is
continuous. The Yamabe invariant μg(M) is defined by
μg(M) = inf
H 21 (M)\{0}
Ig(u).
A well-known fact is the invariance of μg(M) on the conformal class of g, i.e. μh(M) = μg(M) for all h ∈ [g]. The
proof of our claim will be divided into three cases according to the sign of μg(M).
The positive case: μg(M) > 0.
Let S be a positive constant such that S > 6a(x0). By Aubin [1] and Schoen [9], there exists a metric h ∈ [g] such
that Sh = S on M , so that a(x0) − 16Sh(x0) < 0.
The null case: μg(M) = 0.
In this case, there exists a metric g0 ∈ [g] such that Sg0 = 0 on M . Consider a function F ∈ C∞(M) positive
somewhere such that F(x0) > 6a(x0) and
∫
M
F dvg0 < 0. Thanks to Escobar and Schoen [5], there exists a metric
h ∈ [g0] = [g] such that Sh = F on M . So, it follows that a(x0) − 16Sh(x0) < 0.
The negative case: μg(M) < 0.
Let g0 ∈ [g] be a metric such that Sg0 < 0 on M . By Rauzy [8], there exists a function G ∈ C∞(M) such that
G(x0) > 0 and a metric h1 ∈ [g0] such that Sh1 = G on M . Choose a constant α > 0 such that the function F = αG
satisfies F(x0) > 6a(x0). One easily concludes that Sh = F on M for some metric h ∈ [g0] = [g], and this concludes
the proof of our claim.
Therefore, in any case, there exists a metric h ∈ [g] such that a(x0) − 16Sh(x0) < 0. Consider the functional
Jh(u) =
∫
M
|∇hu|2 dvh +
∫
M
a(x)u2 dvh
on the set E = {u ∈ H 21 (M):
∫
M
f (x)u4 dvh = 1}. The next step consists in obtaining estimates on the growth of
standard bubbles localized at x0 and after applying minimization technique. Precisely, consider the function uk ∈
H 21 (M) defined by
uk(x) =
{
( 1
k
+ r2)−1 − ( 1
k
+ δ2)−1, if x ∈ B(x0, δ), or
0, if x ∈ M \ B(x0, δ),
where δ denotes the injectivity radius of (M,h). Let ϕk = uk‖uk‖L4 . Since M has dimension n = 4, fairly straightforward
computations lead us to
Jh(ϕk) = 2ω1/24 f (x0)−1/2 + ω3
(
f (x0)
ω3
2
I4
)−1/2(
a(x0) − 16Sh(x0)
)
log k
2k
+ o
(
log k
2k
)
,
where I4 =
∫∞
0 (1 + t)−4t dt . In particular,
lim Jh(ϕk) = 2ω1/24 f (x0)−1/2.k→∞
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inf
u∈E Jh(u) < 2ω
1/2
4 f (x0)
−1/2,
since a(x0) − 16Sh(x0) < 0. Then, by Aubin [1], there exists a constant λf ∈R such that the problem
hu + a(x)u = λf f (x)u3
possesses a non-zero solution u0 ∈ C∞(M) which may be assumed positive. Note also that λf is positive, since the
functions a and f are positive. Finally, up to a multiplication by a positive constant, it follows that u0 is a solution
of (Ph). This approach seems not to apply directly in higher dimensions since it is not clear that the new term hf (x0)f (x0) ,
which arises in the expansion of bubbles, has adequate sign for the metric h. 
Proof of Corollary 1.1. Let a = 16Sg and suppose that (Ph) admits a positive solution for some metric h isometric
to g. Suppose, by contradiction, that there exists g0 ∈ [g] such that Sg0  0. Since h is isometric to g, then the problem
hu + 16Shu = f (x)u
3
also admits a positive solution. In particular, Sh1 = f on M for some metric h1 ∈ [h]. Since h1 ∈ [g0], it follows that
g0u +
1
6
Sg0u = Sh1u3
possesses a positive solution. On the other hand, from the inequalities Sg0  0 and Sh1 = f  0, we obtain a contra-
diction. 
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